We test the cosmic censorship conjecture for a class of polarized AdS black branes (holes) in the Einstein-Maxwell theory at large number of dimensions D. We first derive a new set of effective equations describing the dynamics of the polarized black branes (holes) to leading order in the 1/D expansion. In the case of black branes, we construct 'mushroom-type' static solutions from the effective equations, where a spherical horizon is connected with an asymptotic planar horizon through a 'neck' which is locally black-string shape. We argue that this neck part (of black string) cannot be pinched off dynamically from the perspective of thermodynamical stability. In the case of black holes, we show that the equatorial plane on the spherical horizon cannot be sufficiently squashed unless the specific heat is positive. We also discuss that the solutions are stable against linear perturbation, agreeing with the thermodynamical argument. These results suggest that Gregory-Laflamme type instability does not occur at the neck, in favor of the cosmic censorship.
I. INTRODUCTION
In contrast to asymptotically flat spacetimes, there is a large variety of asymptotically Anti de Sitter (AdS) black hole solutions due to the warping factor. For instance, given an asymptotically AdS charged black hole, one can deform it by applying a non-uniform electric field and thereby construct a new black hole solution without destroying the asymptotic AdS structure, as demonstrated by [1] . This fact leads to the recent discovery of fourdimensional polarized AdS black holes in a dipolar electric field [2] . The solution was numerically constructed as a generalization of the Ernst solution [3] . Such polarized AdS black holes were extended into four-dimensional polarized AdS black brane solutions with a planar horizon, where chemical potential varies along one spatial direction [4] . In the latter black brane case, by locally applying sufficiently large enough and localized chemical potential, it is shown numerically that the configuration of the horizon looks like a mushroom and hence is called a "black mushroom" solution [4] .
In this black mushroom solution, a neck connecting a localized spherical black hole and asymptotic planar horizon appears. The neck of the black mushroom solution is getting thiner as the temperature is lowered, and is expected to behave like a thin black string. This immediately leads us to the question of whether thin neck part is pinched off dynamically due to the Gregory-Laflamme instability [5] . If that is the case, a naked singularity would appear and the cosmic censorship [6] would be violated in the polarized black brane. There have also been a number of numerical study for the violation of the cosmic censorship in higher dimensions. The goal of this paper is to supply an analytic study for the cosmic censorship conjecture in the class of polarized AdS black branes (holes) in the Einstein-Maxwell theory, namely, mushroom-type and other type of black branes (holes).
In order to attack this issue analytically, we adopt the large D effective theory approach developed in Ref. [7] [8] [9] [10] [11] [12] [13] [14] . We first derive a tractable set of effective 1 + 1-dimensional equations describing the dynamics of deformed charged AdS black branes (holes) in the leading order of the 1/D expansion. Then using these effective equations, as in Ref. [4] , we obtain polarized black mushroom solutions with a neck connecting a localized spherical horizon and an asymptotic planar horizon. Near the neck, the horizon geometry locally behaves as a black string, and it is polarized by strong electric field along the neck. Applying the claim of the Gubser-Mitra conjecture [15, 16] , which has now been proven for some cases [17] , to the local black string, we argue that the neck should be locally stable against physically reasonable perturbations, conforming to the thermodynamic stability.
We also find polarized AdS black hole solutions in which the spherical horizon is squashed around the equatorial surface. One may expect that there could be a black "dumbbell" solution whose horizon looks like a dumbbell having two spherical horizons connected by a portion of a thin black string. We show however that the equatorial plane on the spherical horizon cannot be sufficiently squashed while keeping its local specific heat negative to lead an instability. This implies that there is no black dumbbell solution, where two spherical horizons are connected through a thermodynamically unstable thin black-string-shape neck, and therefore the neck cannot be pinched off dynamically due to the GregoryLaflamme instability [5] . We also discuss that the solutions are stable against linear perturbations, being consistent with the thermodynamical argument.
The organization of this paper is as follows; In the next section, we first derive the 1 + 1-dimensional effective equations by expanding the Einstein equations in the inverse power of D. In sections III and IV, we construct the black mushroom solutions and test the cosmic censorship conjecture in them. In section V, we repeat the analysis in the polarized AdS black hole solutions. Section VI is devoted to summary and discussions.
II. EFFECTIVE EQUATIONS IN CHARGED ADS BLACK BRANES
We start with the following D-dimensional EinsteinMaxwell equations with a negative cosmological constant
where L is the AdS curvature length and
We make the following ansatz for the metric and the gauge field as
where dΩ 2 n−2 is the metric of unit sphere with n = D − 1. Note that we do not rescale z-coordinate, as done in [18] since z is not the direction of Killing symmetry of the background geometry.
For simplicity, we assume that at large D, the gauge field A µ behaves as
Then, the electric charge of the black brane can be dealt with a test charge so that it does not affect the metric at leading order in the expansion in the inverse of n [19] . This leads to the metric expansion as follows
where the horizon is determined by A = 0. It is convenient to use the formula (A1) to expand the Einstein Eqs. (1) order by order as a series in 1/n. Then, we find that the metric given above already solves the Einstein equations at leading order. We would like to derive the effective equations for the variables, m(t, z), p(t, z), · · · . For that purpose, let us define R as R = (r/r 0 ) n , where r 0 is a fiducial horizon size. Hereafter, without loss of generality, we set r 0 = 1. We take the large D (or equivalently large n) limit in such a way that R = fixed, i.e., r → 1, n → ∞ with r n = fixed. Note that this limit forces us to set the finite power of r to be 1 in the leading order of large n expansion. Within this limit, we evaluate the Einstein & Maxwell equations in the 1/n expansion at the horizon and derive the effective equation for the variables. Note that the horizon is determined as R = r n = m(t, z) in the leading order of large n expansion.
With this double scaling limit in our mind, as for the gauge field we make the ansatz for A t as
Here, P plays a role of the chemical potential on the AdS boundary, r = ∞ and ∂ z P corresponds to the external electric field along z-direction. Then the t-component of Maxwell equation at the leading order is automatically satisfied. The function q will correspond to the electric charge as we will see below. Substituting Eqs. (4) and (5) into the z-component of the Maxwell equations in Eqs. (1), and by evaluating its leading order at the horizon in the 1/n expansion, we obtain
This gives a solution for A z as
At next to leading order in 1/n expansion, from the rr, rz, zz-component of the Einstein equations, we find that β t and H can be set to zero:
From the several components of the Einstein equations (1), we obtain
Then, rt-component of the Einstein equations (1) reduces to
and its solution is given by
From the tt and tz-component of the Einstein equation, the evolution equations for m and p are obtained as
on the horizon R = r n = m. Finally the r-component of the Maxwell equations yields the evolution equation for q:
These three equations (12), (13), and (14) are the 1 + 1-dimensional effective equations for the charged black brane. As far as we are aware, these are completely new equations.
III. BLACK MUSHROOM SOLUTIONS
In this section, we derive a black mushroom solution from our effective equations (12), (13), and (14) . The topology of the horizon at t = constant surface is R n−1 and the metric becomes
where z is the radial coordinate on the horizon and r(z) is the location. In the black mushroom solution there is a neck, as found in Ref. [4] . By denoting the area of the z = constant. surface as S(z), the minimum condition for the existence of a neck (located at z = z 0 (> 0)) can be geometrically defined as
where C 0 is the surface area of unit n − 2-dimensional sphere. The third condition on the first line implies that there should be a concavity for the horizon radius R H in the range 0 < z < ∞. When m = constant., the solution becomes a plane-symmetric charged black brane solution with no neck. As is shown below, the neck can be created only by the localized chemical potential, P (z), or it would be more correct to say that the neck can be created by the strong external electric field, ∂ z P . Hereafter, we set L = 1 for simplicity. Making the ansatz (17) for the static solution, we reduce Eqs. (12), (14) , and (13) to
where the prime means the derivative with respect to z. The horizon is determined by A = 0 as
The surface gravity κ is given by
In order to derive this, one has to be careful to the fact that
It is easily checked from Eqs. (18) that κ is constant along the horizon by showing that
Note that Eq. (21) indicates that deformation from the homogeneous black brane solution is O(1/n) in our black mushroom solution, while it is O(1) in the black mushroom solution numerically constructed in Ref. [4] . Nevertheless, as we will show, our black mushroom solution has a neck defined in Eq. (16) . Now, we will construct a black mushroom solution which is deformed by the external electric field P . Substitution of p = m into the second equation in (18) yields
This can be integrated as
where C is an integral constant. As an asymptotic boundary condition at infinity, z → ∞ on the horizon, we will impose that the black brane solution asymptotically approaches a uniformly charged black brane solution. This is equivalent to impose the following conditions,
The first condition implies that there is no external electric field at infinity. The boundary condition determines the integral constant C as
This is consistent with the regularity condition on the horizon, A t = 0 in Eq. (5) (see, for example, Ref. [20] ).
Introducing new variables M and ξ as
we obtain the equation of motion for M from the third equation in (18) as
where we used p = m and
from Eqs. (24) and (26). Taking into account that
If there is a neck which is satisfying the conditions (16) and (25), M must have a minimum M m at z = z m (0 < z m < ∞) [24] . The lower bound of the minimum M m is determined by Eq. (30) as
where the equality is satisfied only when ξ(z m ) = 0. This implies that the minimal horizon radius R H around the neck is determined by the asymptotic value of the chemical potential P given by Eq. (29). There are infinite degrees of freedom to choose a function M satisfying Eq. (30), the neck condition (16) , and the lower bound (31). Once we choose a function M satisfying these conditions (16) and (31), ξ and P are determined from Eqs. (30) and (29) [25]. For example, let us choose a Gaussian like function M :
to satisfy the asymptotic boundary condition (25), where a, b, and B are some positive constants. Here, we set M sufficiently rapidly approaches zero at the origin of spherical symmetry, z = 0 to avoid a singularity. The minimum takes at 
where B 0 is a positive constant satisfying B 0 < 1. Since the horizon is determined by Eq. (19), the cross-sectional area S defined in Eq. (16) becomes therefore setting a = na 0 (a 0 > 0), one obtains The cross-sectional area S monotonically increases before reaching the maximum, and then decreases toward the minimum. This implies that the horizon behaves as a spherical black hole in the region 0 ≤ z < a, and it is connected to an asymptotic planar horizon z a through a neck around z = a. To satisfy the condition M = O(1), a must increase as n increases. So, the position of the neck goes away from the center, z = 0, and the neck connects a large spherical black hole with an asymptotic planar horizon, as n increases. Note that S /S increases with the magnitude O(n) before reaching z = O(n), and then decrease with the magnitude O(1) at z = O(n). This implies that the mushroom shape is extremely flattened.
As shown in Fig. 2 , a plateau region appears for each value of b, corresponding to the neck in the black mushroom solution. This region spreads as b increases, and the spherical black hole portion tends to disappear. These facts imply that the black mushroom solution locally approaches a black string solution with translational symmetry along z as b increases. As shown in Fig. 3 , the chemical potential P possesses a precipitous valley near the plateau region. As the external electric field E is given by P , the black string portion is supported by the strong electric field.
IV. STABILITY ANALYSIS
As seen in the previous section, we showed that there is a black mushroom solution in which a small spherical black hole is connected to the asymptotic planar black brane through a neck that resembles a black string solution. In this section, we argue the stability of the black mushroom solution from the perspective of thermodynamics, as well as that of the dynamical stability with respect to linear perturbations.
A. Stability analysis: thermodynamical argument
Gubser and Mitra have conjectured that the GregoryLaflamme instability for black branes with a noncompact translational symmetry occurs if and only if they are locally thermodynamically unstable [15, 16] . This claim was proven [17] . This implies that if a blackstring-shape neck has a translationally invariant portion larger than the threshold wavelength λ c beyond which any longer wavelength perturbations are unstable, it tends to break up under the evolution.
As shown in Ref. [18, 21, 22] , higher dimensional black string solution with translational symmetry suffers from a Gregory-Laflamme instability for short wavelength perturbations. The threshold wavelength λ c is approximately given by
Here, to derive the second approximation, we used the fact that the surface area of unit n−2-dimensional sphere C 0 is given by C 0 ∼ n −n/2 [7] . In the z m ∼ n = 30, b = 5.3 case in the previous section, λ c ∼ 5.4, which is comparable to the length of the neck, ∼ 6 (recall that r 1), as seen in Fig. 2 . So, one would expect that the neck with a translationally invariant portion larger than λ c would be unstable against Gregory-Laflamme instability unless it is thermodynamically stable.
The temperature T for the black mushroom solution corresponds to the surface gravity κ in Eq. (20) . As z ∼ z m ∼ n 1 in the neck, the third term proportional to p becomes irrelevant. Then, κ is determined by the local charge q and mass parameters m on the neck. Since κ increases as the mass increases for a fixed charge, it should be thermodynamically stable, implying that the neck should also be dynamically stable, according to the conjecture.
Note that the fact that the existence of the neck forces the specific heat positive is independent of the form of M . Given M , Eq. (35) is generic and in order to have a neck part, we have to have z m = O(n), since M = O(1). Then, from Eq. (20) , terms with p/zm becomes O( 1 n ) and we always have a positive specific heat. These suggests that in the large D, the neck part of the mushroom solution is always stable dynamically.
B. Stability analysis: linear perturbation
We consider linear perturbation of the black mushroom solution satisfying Eqs. (18) . Here, we address the issue whether the linear perturbation has an unstable mode without time dependent external force P . So, we impose the condition δP (t, z) = 0.
(39)
Linearizing the evolution equations (12), (13), and (14), we obtain the equations for perturbation aṡ
where a dot and prime denote the derivative with respect to t and z, respectively. Plugging δp = δm − zδṁ obtained from Eq. (40) into Eqs. (41) and (42), we have
Note that when p = 0 = P , the above set of equations reduce to the corresponding perturbation equations for the large D limit of the Schwarzschild-AdS black brane solution, which should be stable as it has a positive specific heat.
It is immediate to see from Eq. (43) that near the center z = 0, the general solution of δm behaves in a regular manner as
with C 1 , C 2 being some constants independent of the values of p and P . Choosing C 1 and C 2 corresponds to specifying a particular boundary condition at the center: for instance, C 1 = 0 corresponds to the Dirichlet boundary condition. Actually, which choice of the boundary condition we would take is not relevant to the rest of our argument, and thus we leave these constants unspecified. It also turns out that Eqs. (43) and (44) form a parabolic system. To see that, let us change the coordinates (t, z) into (u := −t, v := 2t + z 2 ) so that the above two equations are expressed as
with z viewed as the function of (u, v).
Recalling the conditions (25) at z → ∞ and also noting p = m → 0, we find Eq. (47) to become
and thus we have δq (q 0 /m 0 )δm. Eq. (46) then asymptotically takes the form of thermal diffusion equation:
We naturally impose the following regularity conditions at large z:
Provided the separation of variable, the above equation can be immediately solved as
Here λ must be either a real or a pure imaginary number in the following reason. If λ is a complex number, then the above solution could contain an unstable mode. However if such an unstable mode is allowed, it would imply that the Schwarzschild-AdS black brane (p = 0 = P ) itself would admit an unstable perturbation as we have the same expression (51) for the perturbations and the same boundary conditions (45) and (50) for the case of the Schwarzschild-AdS black brane, which is however thought to be stable from the thermodynamic perspective. Now suppose λ is pure imaginary. Then δm is non-normalizable on t = const. surface, hence is not a physically acceptable perturbation. Therefore, λ must be a real number, for which the perturbation solution (51) exhibits no instability. It is thus plausible to argue that our black mushroom should be stable under type of the perturbations considered above. This argument is also consistent with the speculation that any black string portion of the neck should be stable according to the Gubser-Mitra conjecture [15, 16] , as the portion has always positive specific heat. To fully justify this stability argument, we however need a thorough study of the dynamical perturbations, which is the near future task.
V. SPHERICAL BLACK HOLE CASE
In this section, we pay close attention to the polarized AdS black hole with a spherical horizon. If such an AdS black hole is highly squashed by external electric field, "dumbbell" type black hole with a neck connecting two spheres appears (see Fig. 4.) . Then, as discussed in the previous sections, Gregory-Laflamme instability would occur unless the black string portion becomes thermodynamically stable. One might ask whether such a polarized AdS black hole with a spherical horizon is unstable or not, because small AdS black holes are thermodynamically unstable. In this section, we investigate properties of such a polarized AdS black hole at large D by analyzing 1 + 1-dimensional effective equations as follows.
A. Derivation of effective equations
We make the metric ansatz as
where z is the angular coordinate in the range 0 ≤ z ≤ π. As in the brane case, under the condition (3), the metric is expanded as
It is easily checked that the metric (53) and the gauge fields (5), (7) are the leading order solutions for the spherical case. At next to leading order, we can set β t = H = 0 as in the brane case, and we find the solution for a 1 as
Substituting Eq. (54) into the Einstein equations (1), we obtain evolution equations for q, m, and p as
where R H is the value of R at the horizon determined by A = 0.
B. Properties of static solutions
Here, we investigate the properties of the static spherical black hole solutions. Assuming that q, m, and p depend on the variable z only, the static equations are reduced from Eqs. (55), (56), and (57) as
The value of R at the horizon, R H , is determined by A = 0 in Eq. (53) as
Up to O(1), the temperature T is evaluated at the value of surface gravity on the horizon,
It is easily checked that κ is constant along the horizon by showing κ ,z = 0 by the static equations (58), as in the black mushroom case. Now, we consider the "dumbbell" type static spherical black hole solutions in which the equatorial plane is squashed by the external electric field. For simplicity, we assume that the solution is symmetric with respect to the equatorial plane. This means that
We also assume that M sufficiently quickly approaches zero at the north pole (also south pole) as
as in the black mushroom case. The total mass and the charge M and Q are determined by the mass and charge density m and q as
This implies that M and Q are dominated by the values of m| z=π/2 := m e and q| z=π/2 := q e , respectively in the large n limit since sin n−2 z becomes zero except z = π/2 in the limit. At the equatorial plane, by Eq. (61), κ is rewritten by m e and q e as
Therefore, the condition for the negative specific heat becomes
Let us define M and ξ by Eq. (27). Here, m 0 and q 0 are defined by the values of north pole, respectively:
Eliminating p from Eqs. (58) and integrating the second equation of (58), we find
where we used the regularity condition A t = 0 on the horizon. Eliminating P from the third equation in (58) by Eq. (67), we obtain
The first integration yields
where we used ξ 2 /m 2 0 = q 2 /m 2 and the boundary condition (62). Therefore, we obtain
under the condition (65). This is the lower bound of M at the equatorial plane, which means that the equatorial plane cannot be highly squashed, keeping the negative specific heat. In other words, highly squashed equatorial black dumbbell is possible to construct but its specific heat is always positive. According to the Gubser-Mitra conjecture [15] , this indicates that Gregory-Laflamme instability does not occur in the "dumbbell" type static spherical black hole solutions.
C. Linear perturbations
We consider linear perturbation of the static black hole solutions satisfying Eqs. (58). As in the black brane case, we assume that the perturbation of P is zero. Then, linearizing the evolution equations (55), (56), and (57), we obtaiṅ
From the regularity on the equatorial plane z = π/2, the following boundary conditions are derived:
Note that this is consistent with the mass and charge conservation law, i. e. , M and Q defined in Eq. (63) are constant during the time evolution in the large n limit. Eliminating δp by using Eq. (72), we obtain two equations for δm and δq as follows:
2δ m − 1 cot zδ m − cot zδm
The stability analysis from now on parallels what we have done below Eqs. (43) and (44) for our black branes.
We can make the same plausible argument for our black dumbbell, agreeing with the thermodynamical argument that the Gregory-Laflamme type instability does not occur in the squashed black holes.
VI. SUMMARY AND DISCUSSIONS
In this paper, we have first derived a new set of effective equations (12) - (14), describing the dynamics of the polarized black branes (holes) to leading order in the 1/D expansion and using these, we have tested cosmic censorship conjecture in polarized AdS black brane (hole) solutions at large D dimensions. As expected in the fourdimensional analysis [4] , we found a black mushroom solution where a black hole is connected with an asymptotic planar black brane through a black-string-shape neck under the localized chemical potential. Contrary to our first naive expectation, the black-string-shape neck part is thermodynamically stable. This indicates that the localized string cannot be pinched off dynamically according to the Gubser-Mitra conjecture [15, 16] . We have extended the analysis to the AdS black hole case and found that highly squashed black hole is also dynamically and thermodynamically stable. These facts imply that the cosmic censorship is not violated in such polarized AdS black brane (hole) solutions at large D by the Gregory-Laflamme instability [5] .
For simplicity, we have treated the gauge field as a probe approximation in the sense that the horizon geometry at leading order is neutral black brane (hole) solutions. In other words, the horizon is embedded at the fixed bulk radial coordinate in AdS spacetime in the leading order. To take into account the gauge field at leading order, we must construct a charged polarized black brane (hole) solutions at leading order so that the horizon is located over different radial region. It is interesting to test the cosmic censorship conjecture in that case. This will be investigated in the near future.
